We examine two paradigms for computing multicomponent AM-FM image models. In channelized components analysis, estimates for one AM-FM component are extracted from each channel of a multiband filterbank. Tracked multi-component analysis represents an image using fewer components by tracking the estimated modulating functions of each component across filterbank channels. While both approaches work well for synthetic images, they have difficulty with natural images that contain phase discontinuities. We show that phase discontinuities lead to wideband frequency excursions that make the computation of AM-FM models difficult and can also severely degrade the quality of image reconstructions obtained from the models. We use postfilters to ameliorate the effects of the frequency excursions and compute AM-FM models for two natural images.
I. INTRODUCTION
Intense recent research has been focussed on modelling images as finite sums of AM-FM functions [ 1-51.
Whereas the 2D Fourier transform represents an image as a linear composition of sinusoidal gratings each having constant amplitude and frequency, AM-FM functions are nonstationary sinusoids admitting instantaneous amplitudes and phases that are permitted to contain smooth, wideband variations across the image domain. Thus, each individual component in a computed AM-FM image representation is capable of capturing significant nonstationary structure. In principle, therefore, it should be possible to represent many natural images accurately using only a small number of computed AM-FM components.
Computed AM-FM image models are of great practical interest for at least two reasons. First, the inherently nonstationary character of the approach tends to lead naturally to representations in terms of local nonstationary image structures. This facilitates the analysis of images in terms of their nonstationarities, which are often information rich. For example, computed AM-FM image models have been used successfully for image segmentation, stereopsis, and 3D surface reconstruction [l, . Second, while computed AM-FM models are inherently lossy, we have demonstrated that high-quality image reconstructions can often be obtained from the estimated amplitude and frequency modulations in a computed AM-FM representation [5] . Frequently, the modulating functions in such a representation are exceedingly smooth; we are currently investigating techniques for compressing the computed modulations to develop AM-FM based image coding strategies.
A block diagram of the Channelized Components Analysis, or CCA, paradigm for computing multicomponent AM-FM image models is shown in Fig. 1 . In CCA, the image is first analyzed with a linear multiband Gabor filterbank. Fig. 2 depicts the filterbank in the frequency domain. Estimated modulating functions for one image component are then computed from each filterbank channel response using the demodulation algorithms described in [4] and briefly in Section 111. Thus, the number of components in a CCA AM-FM image representation is always equal to the number of channels in the multiband filterbank.
The block diagram of another computational paradigm called Racked Multicomponent Analysis, or TMCA, is shown in Fig. 3 . Like CCA, TMCA begins by analyzing the image with a multiband Gabor filterbank. The difference between the two approaches is that TMCA seeks to represent the image using a number of AM-FM components that is smaller than the number of filterbank channels. Thus, in TMCA, a single image component is permitted to lie in different filterbank channels at different points in the image. As described in [4], Kalman filters are used to track the AM-FM image components across the filterbank channel responses.
Both the CCA and TMCA approaches tend to work well when applied to synthetic images that do not conatain phase discontinuities. However, natural images and video may be expected to contain large numbers of phase discontinuities arising from a whole host of factors including occlusions, surface discontinuities, deformations and defects in surface topology, surface reflectance, shadows, specularities, and noise [l] . We have observed that natural images containing phase discontinuities tend to be problematic for the CCA and TMCA approaches. The computed modulations often exhibit large, localized amplitude spikes that severely degrade the quality of the reconstrutions delivered by both approaches, a .~ well as wideband frequency excursions that can cause TMCA to fail altogether. In this paper, we discuss why phase discontinuities are problematic for CCA and TMCA. We show that the discontinuities generally lead to wideband frequency excursions which tend to be accompanied by large scale amplitude variations of the type we have observed experimentally. Finally, we develop postfilters to smooth the frequency excursions and to compute high-quality reconstructions of natural images from their computed AM-FM representations. 
PHASE DISCONTINUITIES AND FREQUENCY EXCURSIONS
In both the CCA and TMCA paradigms, the instantaneous amplitude and frequency of each component in a multicomponent image are estimated from bandpass filterbank channel responses. In this section, we examine the nature of simple phase discontinuities and investigate their effects on the instantateous frequency of a bandpass filtered AM-FM component. Suppose that
is one component of a multicomponent image t ( z , y). By definition, ui(z, y) and Vvi(z, y) are the instantaneous amplitude and frequency of component t z ( z , y). Suppose further that g, (z, y) is the impulse response of a 2D bandpaas filter and that component tZ(z,y) dominates the filter response
where the symbol f indicates that the second line of (2) defines I?, and lClm. Then, under reasonable assumptions, it may be shown that the instantaneous frequency V1Clln(z, y) of the response ym(z, y)
closely approximates the true instantaneous frequency Vpi(z, y) of the component ti(z, y) [4, 9] .
A. 1D Analysis
Note that the gradient operator V operates independently in each dimension. Hence, in studying how the effects of phase discontinuities in pZ(z, y) are manifest in the instantaneous frequency, it suffices to consider the dimensions independently. For simplicity, we will therefore restrict the discussion in this section and in Section 1I.B to the one-dimensional case.
Consider the simplest instance of a single component 1D AM-FM signal that admits a phase discontinuity:
The phase discontinuity in t(x) occurs at the point x = 0, where T E [0,2n] is the magnitude of the discontinuity and U(.) is the unit step function. The instantaneous frequency of t(x) is given by
where the Dirac delta S(.) is best interpreted in the sense of distributions. Thus, cp'(x) is equal to Ro everywhere except at the point x = 0, which is a set of Lebesgue measure zero. If the signal (3) is applied to the 1D Gabor channel filter
then the filter response is given by where Ge(x) is the error function (7) The instantaneous frequency of the response ( 6 ) is given by 1 e -x 2 / 4 2 q ( X ) = 0 0 + -2a J;;
Far away from the site of the discontinuity, y(z) is effectively sinusoidal and lim $(x) = Ro. With regards to the estimation of cp'(x) at points other than x = 0, the remaining terms in (8) may be interpreted as errors induced by the presence of the phase discontinuity in t(x) and by filtering.
Near the discontinuity we have that The support of the region over which the frequency excursion is si nificant is determined by the exponential factor e-'/4u2 in (8), the rate of decay of which is in turn governed by the Gabor filter time constant a. For filters admitting wide temporal support, the interval where the frequency excursion is significant can be large.
B. The Discrete Case
Images are almost always acquired and processed as discrete signals. Suppose that t ( k ) is a discrete signal containing the samples of (3) and let g(k) be a discrete Gabor filter equivalent to ( 5 ) with a half-peak bandwidth of one octave. Denote the filter response by y(k) = t ( k ) * g(k). The frequency estimates obtained by applying the discrete frequency demodulation algorithms given in [5, 10, 11 ] to y(k) exhibit excursions similar to those discussed above for the continuous case. In the discrete case, however, a closed form expression analogous to (8) cannot be obtained.
Consider a signal of the form (3) with 00 = 37r/5 rad/sec and Y = 3~1 4 .
After sampling with respect to a unity sampling interval, the Hertzian equivalent to R, -, is j'o = 0.3 cycles/sample. A half-octave discrete Gabor filter with center frequency 0.1 cycles/sample was applied to t (k). The frequency estimates obtained by demodulating the filter response y(k) are shown in Fig. 4(a) , and exhibit a pronounced positive-going frequency excursion.
Similar results for a signal with 00 = n/5 rad/sec, fo = 0.1 cycles/sample, and T = 5n/4 are given in Fig. 4(b) for a half-octave Gabor filter with center frequency equal to 0.1. In this case, the frequency estimates exhibit a negative-going excursion. Finally, Fig. 4(c) shows the frequency estimates obtained for a signal with 00 = n/5 rad/sec and Y = 3.7114, where fo is again equal to 0.1 cycles/sample. The Gabor filter center frequency was also 0.1.
C. General Discontinuities
Generally, the AM-FM components encountered in natural images and video are substantially more complicated than the signal (3). Nevertheless, the foregoing arguments can still be applied approximately to analyze the types of frequency excursions that may be expected to occur.
Consider the phase cpi(z,y) of the image component ti(z,y) in (1). For practical applications, we may assume that cpi(x,y) is finitely supported and 
COMPUTATIONAL IMPLICATIONS
Consider once again that ti(z, y) in (1) is one component of a multicomponent image t(x,y) and suppose this time that ti(z,y) dominates the response y,(z,y) in (2) at the point (zo,yo). It was shown in [9] that the instantaneous frequency Vpi(x, y) may be estimated using the approximate demodulation algorithm Vw(zo,vo) = V?i(~O, Yo) The instantaneous amplitude ai(z, y) may then be estimated by
In the neighborhood of a frequency excursion, both the demodulation algorithms (11) and (12) and their discrete equivalents discussed in [lo] can suffer from large approximation errors. Furthermore, because Gabor filter frequency responses fall off rapidly outside the passband, modest to severe errors in the frequency estimates can cause the amplitude algorithm (12) and its discrete equivalent to deliver absurdly large estimates.
Even if frequency estimation errors do not occur, the fact that the instantaneous frequency can lie substantially outside the channel filter passband in the vicinity of an excursion can lead to numerical instability in the amplitude estimation, which again may result in absurdly large amplitude estimates. In either case, the erroneously large amplitude estimates can severely degrade the quality of the reconstructed images obtained from CCA and TMCA representations. Even more disastrous consequences can arise in TMCA, where frequency excursions often render the Kalman filters depicted in Fig. 3 unable to track individual image components at all. When this occurs, the approach fails altogether.
IV. POSTFILTERING SOLUTION
Our approach to ameliorating the effects of wideband frequency excursions is to process the modulating function estimates delivered by each filterbank channel with low-pass Gaussian postfilters having envelopes and bandwidths that are simply related to the channel filters. This postfiltering tends to suppress 
V. EXAMPLES
The image Rafia is shown in Fig. 6(a) . A reconstruction of the image obtained from a CCA AM-FM representation computed without postfiltering is shown in Fig. 6(b) , and is of extremely low quality due to the presence of wideband frequency excursions. Numerous instances of absurdly large amplitude estimates are clearly visible and cause the dynamic range of the reconstructed image to grossly exceed the 8 bits used for display. The high-quality reconstruction given in Fig. 6(c) was obtained from a CCA AM-FM representation computed using postfilters. Fig. 6(d) shows the image Burlap. A high-fidelity CCA reconstruction of the image computed with postfiltering is given in Fig. 6(e) . Without postfiltering, the TMCA approach was unable to successfully track any components in the Burlap image due to the presence of frequency excursions. With the postfilters, 8 components were tracked and an 8-component TMCA representation was successfully computed. A reconstruction obtained from this representation is shown in Fig. 6(f) , and is of remarkable quality for such a small number of components.
VI. CONCLUSION
Wideband frequency excursions generally cause substantial difficulties in the computation of multicomponent AM-FM image models. With the TMCA approach, the Kalman filters used to track image components across channels in the multiband filterbank often fail when frequency excursions are present. Even if tracking is maintained in the vicinity of an excursion, the wideband variations in the instantaneous frequency tend to make multiple image components difficult to resolve from one another. This typically results in severe cross-component interference that can produce significant errors in the computed modulating function estimates. For both the CCA and TMCA paradigms, frequency excursions lead to amplitude estimates that are absurdly large in magnitude. These erroneous amplitudes severely degrade the quality of the images reconstructed from the computed representations.
The fact that phase discontinuities generally produce wideband frequency excursions is significant since the phases of natural images may be expected to contain large numbers of discontinuities. Postfilters may be used to smooth the associated frequency excursions and ameliorate their deleterious effects. Furthermore, high-quality image reconstructions can be obtained from postfiltered AM-FM models.
VII. REFERENCES
A. C. Bovik, M. Clark, and W. S. Geisler, "Multichannel texture analysis using localized spatial filters", IEEE. Trans 
